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Abstract
For an irrational number x and n  1, we denote by kn(x) the exact number of partial quotients
in the continued fraction expansion of x given by the first n decimals of x and pn(x)/qn(x) the nth
convergent of x. Let
β∗(x) = lim inf
n→∞
logqn(x)
n
, β∗(x) = lim sup
n→∞
logqn(x)
n
.
We prove that
lim sup
n→∞
kn(x)
n
= log 10
2β∗(x)
, lim inf
n→∞
kn(x)
n
= log 10
2β∗(x) .
This result significantly strengthens the results of G. Lochs and C. Faivre.
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It is well known that every irrational number x can be expanded uniquely as an infinite
continued fraction
x = a0(x) + 1
a1(x) + 1
a2(x)+ 1a3(x)+···
= [a0(x);a1(x), a2(x), a3(x), . . .],
where a0(x) ∈ Z and ai(x) ∈ N for all i  1.
The alternated representation of x is known as decimal expansion
x = 0(x) + 1(x)10 +
2(x)
102
+ 3(x)
103
+ · · · ,
where 0(x) ∈ Z and i(x) ∈ {0,1, . . . ,9} for all i  1.
Without loss of generality, we always assume x ∈ (0,1).
For any n 1 and {a1, a2, . . . , an} ∈ Nn, we call
I (a1, a2, . . . , an) =
⎧⎨
⎩
(pn
qn
,
pn+pn−1
qn+qn−1
)
, if n is even,(pn+pn−1
qn+qn−1 ,
pn
qn
)
, if n is odd,
a CF-interval of rank n, where pk , qk , 0  k  n, are defined by following recurrence
relations:
p−1 = 1, p0 = 0, pm = ampm−1 + pm−2, 1m n, (1)
q−1 = 0, q0 = 1, qm = amqm−1 + qm−2, 1m n. (2)
I (a1, a2, . . . , an) \ Q represents the set of numbers in (0,1) \ Q which have a continued
fraction expansion begins by a1, a2, . . . , an. It is well known, see [7], that
L(I (a1, a2, . . . , an))= 1
qn(qn + qn−1) , (3)
where L denotes the Lebesgue measure.
For any n 1 and {1, 2, . . . , n} ∈ {0,1, . . . ,9}n, let
J (1, 2, . . . , n) =
(
1
10
+ 2
102
+ · · · + n
10n
,
1
10
+ 2
102
+ · · · + n
10n
+ 1
10n
)
.
J (1, 2, . . . , n) is called a DE-interval of rank n. It is clear that
L(J (1, 2, . . . , n))= 1 . (4)10n
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in the continued fraction expansion of x which can be obtained from the first n decimals
of x. Note that for any irrational x ∈ (0,1),
0 k1(x) k2(x) · · · and lim
n→∞ kn(x) = ∞. (5)
A basic and beautiful result on the asymptotic behavior of kn(x) is due to Lochs [10],
who proved
Theorem 1.1. [10]
lim
n→∞
kn(x)
n
= 6 log 2 log 10
π2
≈ 0.9702
for almost all x in the sense of Lebesgue.
Since the constant 0.9702 of the above theorem is rather close to 1, one can almost say
that for large n, the n decimals determine the n first partial quotients. As an example, the
first 1000 decimal of π determine exactly 968 partial quotients of π [9].
For an irrational number x ∈ (0,1), let
β∗(x) = lim inf
n→∞
logqn(x)
n
,
β∗(x) = lim sup
n→∞
logqn(x)
n
,
where {qn(x): n  1} is defined recursively by (2) using {an(x): n  1}. qn(x) is the
dominator of nth convergent of x. If β∗(x) = β∗(x), we call x has a Lévy constant and
denote the common value by β(x).
Faivre [5] improved the result of Lochs and proved
Theorem 1.2. [5] If x = [0;a1(x), a2(x), . . .] has a Lévy constant β(x) and partial quo-
tients such that an(x) = O(αn) for all α > 1, then
lim
n→∞
kn(x)
n
= log 10
2β(x)
.
In fact for almost all x ∈ (0,1), we have β(x) = π2/(12 log 2) by a famous theorem of
Lévy [8]. On the other hand, an(x) = O(n2) for almost all x from Bernstein’s result, see
[7, pp. 71–72], so that the condition on the growth of partial quotients is clear satisfied. The
result of Faivre not only improves the theorem of Lochs, but also has important applica-
tions to the case of quadratic numbers since every quadratic number has a Lévy constant,
see [3] or [6], and to every irrational number whose continued fraction expansion belongs
to the closed orbit under the shift of a fixed point of a primitive morphism since Queffélec
[11], see also [1], proved that every such irrational number has a Lévy constant. As a con-
sequence of the existence of a Lévy constant, using Schmidt’s theorem [12], Allouche,
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continued fraction expansion of a positive irrational number takes only two values, and
begins with arbitrary long blocks which are “almost square”, then this number is either
quadratic or transcendental.
In this paper, we show that the condition on the growth of partial quotients in the theo-
rem of Faivre is unnecessary. In fact, we prove the following much stronger results.
Theorem 1.3. For any irrational x ∈ (0,1),
lim sup
n→∞
kn(x)
n
= log 10
2β∗(x)
,
lim inf
n→∞
kn(x)
n
= log 10
2β∗(x)
.
Theorem 1.4. Suppose x ∈ (0,1) be an irrational number with β∗(x) < β∗(x). Then for
any β∗(x) λ β∗(x), there exist {nl, l  1} such that
lim
l→∞
knl (x)
nl
= log 10
2λ
.
Theorem 1.3 significantly strengthens the results of Lochs and Faivre.
It is easy to see that β∗(x) log((1 +
√
5)/2) for any irrational x. In [4], Faivre proved
that for any λ log((1 + √5)/2), there exists x such that x has Lévy constant λ. Baxa [2]
proved a more general result. He showed that for any log((1 + √5)/2)  λ1  λ2 < ∞,
there exist non-denumerably many pairwise not equivalent irrational numbers x such that
β∗(x) = λ1 and β∗(x) = λ2. In fact, in [13], the author strengthened these results by show-
ing that for log((1 + √5)/2) λ∗  λ∗ < ∞, let E(λ∗, λ∗) be the set
{
x ∈ [0,1): lim inf
n→∞
logqn(x)
n
= λ∗, lim sup
n→∞
logqn(x)
n
= λ∗
}
,
then
dimE(λ∗, λ∗)
λ∗ − log
( 1+√5
2
)
2λ∗
, (6)
where dim denotes the Hausdorff dimension.
2. Proofs of Theorems 1.3 and 1.4
In this section, we prove the main results of this paper. Recall that kn(x) is the exact
number of partial quotients in the continued fraction expansion of x which can be obtained
from the first n decimals of x and qn(x) is the dominator of the nth convergent of x.
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logqkn(x)(x)
n
 log 10
2
(7)
and
logqkn(x)+3(x)
n
 log 10
2
− log 6
2n
. (8)
Proof. For any irrational x ∈ (0,1) and n 1, notice that
kn(x) = max
{
m: J
(
1(x), 2(x), . . . , n(x)
)⊂ I(a1(x), a2(x), . . . , am(x))},
we have
L(J (1(x), 2(x), . . . , n(x))) L(I(a1(x), a2(x), . . . , akn(x)(x))).
By (3) and (4),
1
10n
 1
qkn(x)(x)(qkn(x)(x) + qkn(x)−1(x))
 1
q2kn(x)(x)
,
i.e.
logqkn(x)(x)
n
 log 10
2
.
Now we prove (8).
We have J (1(x), 2(x), . . . , n(x)) ⊂ I (a1(x), a2(x), . . . , akn(x)(x)). For simplicity,
we write J (1(x), 2(x), . . . , n(x)) as J . Without loss of generality, we assume kn(x)
is odd; we can proceed in the same way when kn(x) is even. When kn(x) is odd,
as a CF-interval of rank kn(x), I (a1(x), . . . , akn(x)(x)) is decomposed into a denu-
merable CF-intervals of rank kn(x) + 1 and these intervals, I (a1(x), . . . , akn(x)(x),1),
I (a1(x), . . . , akn(x)(x),2), . . . , runs from left to right.
Case I. There exists b ∈ N such that I (a1(x), . . . , akn(x)(x), b) ⊂ J .
(i) If akn(x)+1(x) = b, we have
I
(
a1(x), . . . , akn(x)(x), akn(x)+1(x)
)⊂ J.
By (3) and (4), we have
1
2 · q2 (x) 
1
qk (x)+1(x)(qk (x)+1(x) + qk (x)(x)) 
1
10n
,kn(x)+1 n n n
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logqkn(x)+1(x)
n
 log 10
2
− log 2
2n
. (9)
(ii) If akn(x)+1(x) < b, notice that kn(x) is odd and
x ∈ I(a1(x), . . . , akn(x)(x), akn(x)+1(x))∩ J,
we have
I
(
a1(x), . . . , akn(x)(x), akn(x)+1(x) + 1
)⊂ J.
By (2), (3) and (4), we have
1
6 · q2kn(x)+1(x)
 1
(qkn(x)+1(x) + qkn(x)(x))(qkn(x)+1(x) + 2 · qkn(x)(x))
 1
10n
,
i.e.
logqkn(x)+1(x)
n
 log 10
2
− log 6
2n
. (10)
(iii) If akn(x)+1(x) > b, notice that kn(x) is odd and
x ∈ I(a1(x), . . . , akn(x)(x), akn(x)+1(x))∩ J,
we have
I
(
a1(x), . . . , akn(x)(x), akn(x)+1(x) − 1
)⊂ J.
By (2), (3) and (4), we have
1
2 · q2kn(x)+1(x)
 1
qkn(x)+1(x)(qkn(x)+1(x) − qkn(x)(x))
 1
10n
,
i.e.
logqkn(x)+1(x)
n
 log 10
2
− log 2
2n
. (11)
Case II. For any b ∈ N, I (a1(x), . . . , akn(x)(x), b) \ J 
= ∅. In this case, there exists c ∈ N
such that
I
(
a1(x), . . . , akn(x)(x), c
)∩ J 
= ∅,
I
(
a1(x), . . . , akn(x)(x), c + 1
)∩ J 
= ∅,
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= c, b 
= c + 1,
I
(
a1(x), . . . , akn(x)(x), b
)∩ J = ∅.
Since
x ∈ I(a1(x), . . . , akn(x)(x), akn(x)+1(x))∩ J,
we have
akn(x)+1(x) = c or akn(x)+1(x) = c + 1.
(i) If akn(x)+1(x) = c + 1, since kn(x) is odd, the CF-intervals of rank kn(x) + 2, I (a1(x),
. . . , akn(x)(x), akn(x)+1(x),1), I (a1(x), . . . , akn(x)(x), akn(x)+1(x),2), . . . , run from right
to left in I (a1(x), . . . , akn(x)(x), akn(x)+1(x)). Notice that
x ∈ I(a1(x), . . . , akn(x)(x), akn(x)+1(x), akn(x)+2(x))∩ J,
we have
I
(
a1(x), . . . , akn(x)(x), akn(x)+1(x), akn(x)+2(x) + 1
)⊂ J.
By (2), (3) and (4), we have
1
6 · q2kn(x)+2(x)
 1
(qkn(x)+2(x) + qkn(x)+1(x))(qkn(x)+2(x) + 2 · qkn(x)+1(x))
 1
10n
,
i.e.
logqkn(x)+2(x)
n
 log 10
2
− log 6
2n
. (12)
(ii) If akn(x)+1(x) = c, we split this case into two subcases.
(iia) If there exists b ∈ N such that I (a1(x), . . . , akn(x)(x), akn(x)+1(x), b) ⊂ J , notice
that kn(x) is odd, we have
I
(
a1(x), . . . , akn(x)(x), akn(x)+1(x),1
)⊂ J.
Thus
I
(
a1(x), . . . , akn(x)(x), akn(x)+1(x), akn(x)+2(x) − 1
)⊂ J, if akn(x)+2(x) > 1,
I
(
a1(x), . . . , akn(x)(x), akn(x)+1(x), akn(x)+2(x)
)⊂ J, if akn(x)+2(x) = 1.
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1
2 · q2kn(x)+2(x)
 1
10n
,
i.e.
logqkn(x)+2(x)
n
 log 10
2
− log 2
2n
. (13)
(iib) If for any b ∈ N, I (a1(x), . . . , akn(x)(x), akn(x)+1(x), b) \ J 
= ∅, i.e. I (a1(x), . . . ,
akn(x)(x), akn(x)+1(x),1) \ J 
= ∅, and akn(x)+2(x) = 1, notice that kn(x) is odd and
x ∈ I(a1(x), . . . , akn(x)(x), akn(x)+1(x), akn(x)+2(x), akn(x)+3(x))∩ J,
we have
I
(
a1(x), . . . , akn(x)(x), akn(x)+1(x), akn(x)+2(x), akn(x)+3(x) + 1
)⊂ J.
By (2), (3) and (4), we have
1
6 · q2kn(x)+3(x)
 1
(qkn(x)+3(x) + qkn(x)+2(x))(qkn(x)+3(x) + 2 · qkn(x)+2(x))
 1
10n
,
i.e.
logqkn(x)+3(x)
n
 log 10
2
− log 6
2n
. (14)
From (9)–(14), we have
logqkn(x)+3(x)
n
 log 10
2
− log 6
2n
.
This completes the proof of Proposition 2.1. 
Corollary 2.2. Let x ∈ (0,1) be an irrational number, then for any n 1,
kn+1(x) kn(x) + 8.
Proof. By Proposition 2.1, we have
1
6q2 (x)
 1
10n
= 10
10n+1
 10
q2 (x)
.kn(x)+3 kn+1(x)
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60q2kn(x)+3(x) q
2
kn+1(x)(x) 4q
2
kn+1(x)−2(x)
 42q2kn+1(x)−4(x) 4
3q2kn+1(x)−6(x).
So
q2kn(x)+3(x) > q
2
kn+1(x)−6(x).
Therefore
kn+1(x) kn(x) + 8. 
Corollary 2.3. Let x ∈ (0,1) be an irrational number, then for any fixed m 0,
lim sup
n→∞
logqkn(x)+m(x)
kn(x) + m = β
∗(x), lim inf
n→∞
logqkn(x)+m(x)
kn(x) + m = β∗(x).
Proof. This is an easy consequence of (5) and Corollary 2.2. 
Proof of Theorem 1.3. From Proposition 2.1, we have
lim inf
n→∞
logqkn(x)(x)
kn(x)
· lim sup
n→∞
kn(x)
n
 log 10
2
, (15)
lim sup
n→∞
logqkn(x)(x)
kn(x)
· lim inf
n→∞
kn(x)
n
 log 10
2
, (16)
lim inf
n→∞
logqkn(x)+3(x)
kn(x) + 3 · lim supn→∞
kn(x) + 3
n
 log 10
2
, (17)
lim sup
n→∞
logqkn(x)+3(x)
kn(x) + 3 · lim infn→∞
kn(x) + 3
n
 log 10
2
. (18)
From (15), (17) and Corollary 2.3, we have
lim sup
n→∞
kn(x)
n
= log 10
2β∗(x)
.
From (16), (18) and Corollary 2.3, we have
lim inf
n→∞
kn(x)
n
= log 10
2β∗(x)
. 
From Theorem 1.3, we have the following corollaries immediately.
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has a Lévy constant β(x), and in this case, we have
lim
n→∞
kn(x)
n
= log 10
2β(x)
.
Corollary 2.5. For any log((1 + √5)/2) λ1  λ2 < ∞, the set
{
x ∈ (0,1): lim sup
n→∞
kn(x)
n
= log 10
2λ1
, lim inf
n→∞
kn(x)
n
= log 10
2λ2
}
has Hausdorff dimension at least λ1−log((1+
√
5)/2)
2λ2 .
Proof. This is an easy consequence of Theorem 1.3 and (6). 
Proof of Theorem 1.4. If λ = β∗(x) or λ = β∗(x), the conclusion is clear from Theo-
rem 1.3. Suppose β∗(x) < λ < β∗(x). From Theorem 1.3, we know there exist {sl : l  1}
and {tl : l  1} such that
lim
l→∞
ksl (x)
sl
= log 10
2β∗(x)
, lim
l→∞
ktl (x)
tl
= log 10
2β∗(x)
.
Without loss of generality, we can assume
ksl (x)
sl
>
log 10
2λ
and
ktl (x)
tl
<
log 10
2λ
for any l  1,
and
s1 < t1 < s2 < t2 < · · · < sn < tn < · · · → ∞.
For any l  1, let
nl = min
{
m: sl m tl ,
km(x)
m
 log 10
2λ
,
km+1(x)
m + 1 
log 10
2λ
}
.
Then
log 10
2λ
 knl (x)
nl
 knl+1(x)
nl
 log 10
2λ
· nl + 1
nl
,
which implies
lim
l→∞
knl (x)
nl
= log 10
2λ
. 
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